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Abstract
Given a set S of points in the Euclidean plane, the β-skeleton (β > 1) of S is a set of edges with endpoints in S and
each edge e in the set satisfies the empty-disks condition, i.e., no element in S lies inside the two disks of diameter
β|e| that pass through both endpoints of e. In this paper, we prove a lower bound for β value (β = 16
√
2
√
3+ 45)
such that if β is less than this value, the β-skeleton of S may not be always a subgraph of the minimum weight
triangulation (MWT) of S. Thus, we disprove Keil’s conjecture that, for β = 23
√
3, the β-skeleton is a subgraph of
the MWT (Keil, 1994).  2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
Let S be a finite set of points in the Euclidean plane. A triangulation of S is a maximum set of
non-crossing edges with their endpoints in S. It partitions the interior of the convex hull of S into
non-overlapping triangular faces. The weight of a triangulation is the sum of the lengths of its edges.
A minimum weight triangulation, denoted by MWT, of S is a triangulation that minimizes the weight
among all triangulations of S.
Computing an MWT(S) is one of the outstanding open problems listed in Garey and Johnson’s
book [12]. The complexity status of this problem has been unknown since 1975 [25]. A great deal of
work has been done to seek the ultimate solution of the problem. This work can be classified into several
types: determining the complexity of the MWT problem [22], designing approximation algorithms
[15,20,21,24], using integer programming method [19,26], designing efficient algorithms for restricted
classes of point set [1,3,13,18,23,28], and computing subgraphs of the MWT [5,11,16,27,31]. Computing
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subgraphs of the MWT seems to be a promising approach. The edges which are always in the MWT play
a very important role in the exact and the approximation algorithm design for computing the MWT. If we
can compute a subgraph of the MWT that is connected (actually it is sufficient that the subgraph has a
constant number of connected components [8]), then the remaining edges could be added by triangulating
the resulting polygonal regions using dynamic programming.
Basically, there are two directions to compute subgraphs of the MWT. The first direction is based on
the LMT-skeleton which was presented independently by Dickerson et al. [11] and Belleville et al. [5].
Several variants of the LMT-skeleton have been considered recently [2,4,7,10,14]. In particular, the
LMT-skeleton heuristic improved by Beirouti and Snoeyink [4] can compute the exact MWT of tens
of thousands of points in minutes.
The second direction was first studied by Gilbert [13], who showed that the shortest edge in S is in
MWT(S). Yang et al. [31] showed that all mutual nearest-neighbor edges are also in MWT(S). Keil [16]
proved that the β-skeleton of S for β = √2 is a subgraph of MWT(S), where the β-skeleton was
introduced by Kirkpatrick and Radke [17] and defined as follows: For β > 1, the β-skeleton of S is
a set of edges with endpoints in S and each edge e in the set satisfies the empty-disks condition, i.e., no
element in S lies inside the two disks of diameter β|e| that pass through both endpoints of e. Yang [30]
extended Keil’s result to β ≈ 1.27905. Cheng and Xu [9] improved further to β ≈ 1.17682.
The key to the proof that the β-skeleton belongs to MWT in Keil’s pioneering paper is the validity of
the following two lemmas, namely the length lemma and the remote length lemma.
Lemma 1 (Length lemma [16]). Let x and y be the endpoints of an edge in the √2-skeleton of a set S of
points in the plane. Let p and q be two points in S such that the line segment pq intersects the segment
xy. Then |pq| is greater than |xy|, |xp|, |xq|, |yp| and |yq|.
Lemma 2 (Remote length lemma [16]). Let x and y be the endpoints of an edge in the √2-skeleton of
S, and p,q, r and s be four other distinct points in S with p and r lying on one side and q and s on the
other side of the line through xy. Assume pq and rs intersect xy, and pq does not intersect rs. Then,
either | pq |>| pr | or | rs |>| pr |.
Keil mentioned that the length lemma holds for β  23
√
3. For β < 23
√
3, there exists a four-point
counterexample for the length lemma. Thus, for β < 23
√
3, the β-skeleton may not belong to the MWT.
Keil conjectured that the β-skeleton is a subgraph of MWT for β = 23
√
3 (≈ 1.15470). Cheng and Xu [9]
proved that the remote length lemma is still true for β = 13
√
2
√
3+ 9 (≈ 1.17682). This is very close to
the bound conjectured by Keil. Recently, Aichholzer et al. [2] proved that, for β > 23
√
3, the β-skeleton
of convex polygons and a certain class of star-shaped polygons is a subgraph of the MWT. However, the
ultimate answer for Keil’s conjecture is still not known. (Refer to Fig 1.)
In this paper, we disprove Keil’s conjecture by presenting a new lower bound for β value (i.e.,
β = 16
√
2
√
3+ 45 ≈ 1.16027) such that if β < 16
√
2
√
3+ 45, the β-skeleton is not always a subgraph of
the MWT.
This paper is organized as follows. In Section 2, we construct the counterexample; in Section 3, we
prove the new lower bound for the β-skeleton; finally, we conclude our work in Section 4.
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Fig. 1. An illustration for Keil’s conjecture.
2. A counterexample of Keil’s conjecture
In this section, we construct a set of points whose β-skeleton does not belong to its MWT when
2
3
√
3 β < 16
√
2
√
3 + 45. Thus, this not only is a counterexample of Keil’s conjecture (β = 23
√
3 ), but
can also be used to prove the new lower bound (β = 16
√
2
√
3+ 45 ). The following notation is used
throughout. For x, y ∈ S, let xy denote the edge connecting x and y, and |xy| denote the length of xy.
Let α be the angle that the chord xy subtends at one of the circles (refer to Fig. 2).
It follows from the definition of the β-skeleton that β = 1/ sinα. Thus, the definition of β-skeleton can
be rewritten as follows: xy (x, y ∈ S) is an edge in the β-skeleton (β > 1) of S if and only if there does
not exist a point z ∈ S such that  xzy > arcsin(1/β). Notice that the β-skeleton defined in this paper is
a superset of that used in [16] (refer to Lemma 1 of [16]). When β = 23
√
3, we have α = π/3. Thus, the
length lemma is violated for α > π/3 [16].
In [9], Cheng and Xu proved the following property that describes a critical structure. From this
structure they derived an improved version of the remote length lemma for β = 13
√
2
√
3+ 9. Thus,
by using the same proof strategy in [16], they proved that the β-skeleton is a subgraph of the MWT for
any β > 13
√
2
√
3+ 9.
Lemma 3 [9]. When β = 13
√
2
√
3+ 9, there exists a point set S such that xy, x, y ∈ S, is an edge in
the β-skeleton of S and p,q, r, s ∈ S are other distinct points satisfying the following conditions (refer
to Fig. 2):
(i)  xpy =  xqy =  xry =  xsy = arcsin(1/β), x ∈ pq, y ∈ rs, pq ∩ rs = ∅, and p and r lie on the
same side of the line through xy;
(ii) |pq| = |pr| = |rs|; and
(iii) pqsr is a regular trapezoid such that  xpr and  yrp are acute.
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Fig. 2. Some relationships among the edges and angles.
In the remainder of this paper, let α =  xpy and θ =  xpr . From Lemma 3, we derive the following
equations that can be used in our proofs.
sinα = 3√
2
√
3+ 9
, cosα =
√
2
√
3√
2
√
3+ 9
,
sin θ =
√
2
√
3
2
, cos θ =
√
3 − 1
2
,
sin 2θ =
√
2
√
3(
√
3− 1)
2
, cos 2θ = 1−√3.
Now, we describe the arrangement of a set of 2n + 4 sites (the value of n will be determined later)
such that the β-skeleton is not included in MWT for β ∈ [ 23
√
3, 16
√
2
√
3 + 45 ).
Refer to Fig. 3. Let x and y be two different points in the plane. Draw two circles, d1 and d ′1, with the
same diameter 13
√
2
√
3+ 9|xy|, such that both circles pass through x and y. The union of the regions
bounded by d1 and d ′1 is the forbidden neighbourhood with β = 13
√
2
√
3 + 9 for points x and y [16]. The
two big arcs with endpoints x and y in d1 and d ′1 are denoted by arc(xd1y) and arc(xd ′1y), respectively.
Similarly, for any fixed β ∈ [ 23
√
3, 16
√
2
√
3+ 45 ), draw two circles, d2 and d ′2, with the same diameter
β|xy| that pass through x and y. Let the two big arcs with endpoints x and y in d2 and d ′2 be denoted by
arc(xd2y) and arc(xd ′2y), and the centers of d1 and d2 lie on the same side of the line through xy. Since
1
6
√
2
√
3+ 45 < 13
√
2
√
3+ 9, the region bounded by arc(xd2y) ∪ arc(xd ′2y) is included in that bounded
by arc(xd1y)∪ arc(xd ′1y). Let points p, r ∈ arc(xd1y), q, s ∈ arc(xd ′1y) such that the four points satisfy
the three conditions of Lemma 3. Let pq intersect arc(xd ′2y) at q ′, rs intersect arc(xd ′2y) at s′, and pr
intersect arc(xd2y) at p′ and r ′, where p′ is nearer to p than to r .
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Fig. 3. The arrangement of sites (darken dots).
From Lemma 3, we have
|pq ′| = |rs′|< |pr|.
Now, we choose a pair of points a and b on r ′r which are very close to point r such that the triangle
abc lies outside d2 and inside d1, where c is the intersection point of s′b and ya. Let m be a point
on ab very near to b, and let ĉm be an arc of a circle with center at the far right-hand side such that
any line tangential to the circle at the arc ĉm will intersect ray cs and the arc ĉm cuts the acute angle
between the line segments s′c and yc. (This ensures that ĉm will be ‘convex’ facing s′, q ′, x,pi and
‘concave’ facing y.) We now arrange a site on points x, y, s′ and q ′, respectively. We also arrange n
sites (R = {r1, r2, . . . , rn}) evenly on the arc ĉm such that the maximum distance from ri ∈ R to r is
δ/2. Symmetrically, we arrange n sites (P = {p1,p2, . . . , pn}) near p in the same manner as those
near r . The value of δ is determined as follows: let ε = |ss′|, ß = |pr| − max{|piy| | 1  i  n},
æ = |pr| + |py| − 2|pq ′|, and then, we set δ = 12 min{ε,ß,æ}. We need to guarantee that δ is positive so
that the above arrangement is significant. We show how this is achieved in the following lemma.
Lemma 4. For β ∈ [ 23
√
3, 16
√
2
√
3+ 45 ), δ > 0.
Proof. Since 16
√
2
√
3+ 45 < 13
√
2
√
3+ 9, d ′2 is strictly included in d ′1. Thus, ε = |ss′|> 0.
Now we prove that ß > 0. Consider the triangle ypq . Since  xpy =  xqy = arcsin(
√
2
√
3/2) <
π/3, we have that |py| < |pq|. Thus, |py| < |pr|. It follows from the arrangement that  p1piy > π/2,
i = 2, . . . , n. So |piy|< |p1y|< |py|. Hence, |piy|< |pr|, i = 1, . . . , n. It follows that ß > 0.
Finally, we prove that æ > 0. Refer to Fig 4. Let α′ =  xq ′y. In triangles pry and pq ′y, by the
law of sines we have that
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Fig. 4. For the proof of Lemma 4.
|pr|
sin(π − θ − (θ − α)) =
|py|
sin θ
, (1)
|pq ′|
sin(π − α′ − α) =
|py|
sinα′
. (2)
Then, by (1) we have that
|pr| = sin(2θ − α)
sin θ
|py| = 2
√
2
√
3√
2
√
3+ 9
|py|.
By (2), we have that
2
∣∣pq ′∣∣ = 2sin(α′ + α)
sinα′
|py|
=
(
2 cosα+ 2cosα
′
sinα′
sinα
)
|py|
=
(
2 cosα+ 2
√( 1
sinα′
)2
− 1 sinα
)
|py|
=
(
2 cosα+ 2
√
(β)2 − 1 sinα
)
|py|
<
(
2
√
2
√
3√
2
√
3+ 9
+ 2
√√√√(√2√3+ 45
6
)2
− 1 3√
2
√
3+ 9
)
|py|
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=
(
2
√
2
√
3√
2
√
3+ 9
+ 2
√
2
√
3 + 9
36
3√
2
√
3 + 9
)
|py|
=
(
2
√
2
√
3√
2
√
3+ 9
+ 1
)
|py|
= |pr| + |py|.
Thus, æ = |pr| + |py| − 2|pq ′|> 0. Therefore, δ is positive. ✷
By the above arrangement, we obtain a point set S = {q ′, x,pn,pn−1, . . . , p1, r1, r2, . . . , rn, y, s′},
which can be used to prove the new lower bound. Before we prove this in the next section, we will
summarize some properties of the set S in the following lemma.
Lemma 5. Let S = {q ′, x,pn,pn−1, . . . , p1, r1, r2, . . . , rn, y, s′} be the point set described above. Then,
(i) the line segments s′ri (i = 1, . . . , n) and yri (i = 1, . . . , n − 1) do not cross each other in their
interiors, and neither do the line segments q ′pi (i = 1, . . . , n) and xpi (i = 1, . . . , n− 1);
(ii) |rs′|> |r1s′|> |r2s′|> · · ·> |rns′|, |pq ′|> |p1q ′|> |p2q ′|> · · ·> |pnq ′|;
(iii) |ris′| = |piq ′|< |piri|, i = 1, . . . , n;
(iv) |piy|< |piri |, i = 1, . . . , n;
(v) |p1ri |> |pnrn|, |piy| |pny|, i = 1, . . . , n.
Proof. (i) Since the arc ĉm is ‘convex’ with respect to s′ and ‘concave’ with respect to y, the line
segments s′ri (i = 1, . . . , n) and yri (i = 1, . . . , n − 1) do not cross each other in their interiors.
Symmetrically, q ′pi and xpi also do not cross.
(ii) Since all the sites of R lie on arc ĉm which is almost a straight line and  riys′ > π/2, we
have that  s′r1r > π/2, and  s′riri−1 > π/2, i = 2, . . . , n. Thus, |rs′| > |r1s′| > |r2s′| > · · · > |rns′|.
Symmetrically, the other inequalities also hold.
(iii) Because the maximum distance from pi to p and from ri to r is δ/2, we have that |pr|< |piri|+δ.
From (ii), we know that |ris′|< |rs′|. Since |rs′| = |rs| − ε= |pr| − ε, we have
|ris′|< |pr| − ε < |piri | + δ − ε < |piri | (since ε  2δ).
(iv) Since |pr| − |piy| ß, we have
|piy| |pr| − ß < |piri | + δ − ß < |piri | (since ß 2δ).
(v) In triangle p1pnrn,  p1pnrn is obtuse. Then, |p1rn|> |pnrn|. In triangle p1piri , i = 2, . . . , n,
 p1piri is obtuse. Thus, |p1ri |> |piri|. Since pipnrnri is a regular trapezoid and  pipnrn is obtuse, we
have that |piri | > |pnrn|. Therefore, |p1ri | > |pnrn|. Similarly, in triangle pipi+1y, i = 1, . . . , n− 1,
 pipi+1y is obtuse. Then, |piy|> |pi+1y|, i = 1, . . . , n− 1. Hence, |piy|> |pny|. ✷
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3. The proof of the lower bound
Let S = {q ′, x,pn,pn−1, . . . , p1, r1, r2, . . . , rn, y, s′} be the point set constructed in the above section.
In this section, we prove a new lower bound by showing that, for β ∈ [ 23
√
3, 16
√
2
√
3+ 45 ), the line
segment xy belongs to the β-skeleton of S , while xy does not belong to MWT(S).
All the triangulations of S can be divided into two groups: if a triangulation contains edge xy, then it
belongs to the first group; otherwise, it belongs to the second group. Let Txy denote the MWT over the
first group and T denote the MWT over the second group. The relationship between Txy and T can be
stated as follows.
Lemma 6. Txy and T differ only in the edges in the interior of the simple polygon Ł = q ′xpnpn−1· · ·p1r1
r2· · · rnys′ .
Proof. The convex hull of S includes sites q ′, x,p1, r1, y, s′. Thus, edges q ′x, xp1,p1r1, r1y, ys′ , s′q ′
belong to any triangulations of S . Lemma 5(i) implies that no edge with endpoints in S intersects
the interior of the edges xp2, xp3, . . . , xpn, yr2, yr3, . . . , yrn, pnpn−1, pn−1pn−2, . . . , p2p1, rnrn−1,
rn−1rn−2, . . . , r2r1. Thus, they belong to any triangulations of S . Therefore, the difference between Txy
and T is the internal edges bounded by the polygon Ł = q ′xpnpn−1 · · ·p1r1r2 · · · rnys′ .
For an edge set F , let ω(F) denote the sum of the lengths of all the edges in F . Let Exy be a subset of
Txy , which consists of all the edges of Txy in the interior of the polygon Ł. Then we have the following
property.
Lemma 7. ω(Exy) > n(|pnrn| + |pny|)− |p1r1| + |xy| + |xs′|.
Proof. In quadrilateral xys′q ′, since xs′ = yq ′ , xs′ or yq ′ belongs to Exy . Without loss of generality, we
can suppose that xs′ ∈Exy (refer to Fig. 5(a)). Let E′xy = (Exy − {xy, xs′})∪ {p1r1}. Since E′xy − {p1r1}
consists of the 2n − 1 diagonals in the triangulation of the polygon p1 · · ·pnxyrn · · · r1, there are 2n
edges in E′xy . Since there are at most n edges with endpoint y, we can group this 2n edges in E′xy into
n pairs of edges such that for each pair of edges, there exists at most one edge with endpoint y. Thus,
(a) (b)
Fig. 5. An illustration for the edge sets Exy and E′.
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the n pairs of edges can be classified into two sets, denoted by C1 = {(puy,pvrw) | 1  u, v,w  n}
and C2 = {(purw,pvrx) | 1  u, v,w,x  n}. Consider each edge puy. We have |puy|  |pny| by
Lemma 5(v). Consider each edge purw . If u <w, then  pupwrw is obtuse. Thus, |purw|> |pwrw|. Then
we further have |purw|> |pwy| by Lemma 5(iv). Since pwpnrnrw is a regular trapezoid and  pwpnrn is
obtuse, we have that |pwrw|> |pnrn|. Thus |purw|> |pnrn|. If u >w, we can prove that |purw|> |puy|
and |purw|> |pnrn| by using the similar argument. If u=w, it is obvious that |purw| |pnrn|. Therefore,
for each pair (puy,pvrw) ∈ C1, we have that
|pvrw| + |puy| |pnrn| + |pny|,
where the equality holds if and only if u= v =w = n. For each pair (purw,pvrx) ∈C2, we have that
|pvrw| + |pvrx |> |pnrn| + |pny|.
Since there are n pairs in C1 and C2, we have that
ω(E′xy) > n
(|pnrn| + |pny|).
Hence,
ω(Exy) > n
(|pnrn| + |pny|)− |p1r1| + |xy| + |xs′|. ✷
Lemma 8. Suppose β ∈ [ 23
√
3, 16
√
2
√
3+ 45 ). If
n >
2
2æ− 3δ
(|p1r1| − |xy| + |p1s′| − |xs′|),
then ω(Txy) > ω(T ).
Proof. Let E be a subset of T , which consists of all the edges of T in the interior of the polygon Ł.
Let E′ = {q ′p1, q ′p2, . . . , q ′pn, s′r1, s′r2, . . . , s′rn,p1s′} be a triangulation of Ł (see Fig. 5(b)). Since
xy /∈E′, ω(E) ω(E′) by the definition of T . Thus,
ω(E) ω
(
E′
)= 2 n∑
i=1
|piq ′| + |p1s′|.
From the structure of S , we know that |pnrn| > |pr| − δ and |pny| > |py| − δ/2. Since æ =
|pr| + |py| − 2|pq ′|, we have
|pnrn| + |pny|> |pr| + |py| − 3δ2 = 2|pq
′| +æ− 3δ
2
.
By the definition of δ, we have that æ 2δ. Thus, æ− 3δ/2 > 0. Let ε′ = æ− 3δ/2. Then,
|pnrn| + |pny|> 2|pq ′| + ε′.
By Lemma 7, we have that
ω(Exy) > n
(|pnrn| + |pny|)+ |xy| − |p1r1| + |xs′|
> n
(
2|pq ′| + ε′)+ |xy| − |p1r1| + |xs′|
> 2
n∑
i=1
|piq ′| + nε′ + |xy| − |p1r1| + |xs′|.
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Thus, from the condition of the lemma, we have that
ω(Exy)− ω(E) > nε′ + |xy| − |p1r1| + |xs′| − |p1s′|> 0.
Therefore, ω(Txy) > ω(T ). ✷
From the above lemmas, we can prove the main result as follows.
Theorem 1. β = 16
√
2
√
3+ 45 is a lower bound for the β-skeleton belonging to MWTs.
4. Concluding remarks
In [16], Keil conjectured that the β-skeleton is a subgraph of the MWT when β = 23
√
3. In [9], Cheng
and Xu proved that β = 13
√
2
√
3+ 9 is an upper bound for the β value of β-skeleton belonging to MWTs
of a planar point set. In this paper, we proved that β = 16
√
2
√
3+ 45 is a lower bound. Therefore, we
settled the conjecture by Keil. However, to close the gap between the upper and lower bound is an open
problem. 1
In a related work, Aichholzer et al. [1] discussed the light edge. For an edge e joining two points of
a planar point set S, if |e| is shorter than all other edges with endpoints in S which intersect e, then e is
called light; otherwise, e is called non-light. In [9,16,27,31], all the edges which have been identified to be
always in the MWTs are light edges. Unfortunately, the example presented by Bose et al. [6] showed that
the graph consisting of all these identified edges is not connected. In order to find a connected subgraph
of MWTs, it seems that a future study should concentrate on the nontrivial non-light edges identification.
From Lemma 8, we know that some q ′pi and s′ri (1  i  n) must be in MWT(S). These are non-
light edges because their lengths are longer than |xy|. It is the authors’ opinion that the method used in
the proofs of this paper may be useful for finding non-light edges that must be in the MWTs of a planar
point set.
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